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ABSTRACT

The normalized input admittance of thin bare circular loop antennas has been evaluated from the
theory of T, T. Wu., Computations have been made for loops in air and in an infinite homogeneous
isotropic dissipative medium, A comparison is also made with Storer's theory of the loop, Numerical
results are given in the form of graphs for several wire sizes and for loops up to 2.5 wavelengths in
circumference. The properties of the medium are represented by the ratio a/f in the range from zero
{perfect dielectric) to one (good conductor); @ and 8 are the imaginary and real parts of the complex
propagation constant k = 8- joa = o m) where u is the permeability, ¢ the dielectric

constant and o the conductivity of the medium,
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THE ADMITTANCE OF BARE CIRCULAR LOOP
ANTENNAS IN A DISSIPATIVE MEDIUM

Introduction

The first general analysis of the circular loop as a transmitting antenna appears to be that of
Hallenl; he used the method of expansion in Fourier series, However, owing to the occurrence of a
singularity o1 a very large value when the number of terms in the summation is sufficiently great,
Hallen concluded that the series was divergent, Storer® avoided the contribution from the large term
by replacing the Fourier series by the corresponding integral and evaluating this in the sense of the
Cauchy principal value, He provided extensive tables and graphs of the impedance, admittance, and
distribution of current for loops up to a wavelength in circumference with a number of diiferent wire
sizes, Recently, Wu? re-examined the problem oi evaluating the Fourier series, He congidered
Storer's expedient to be of doubtful validity and devised an alternative and improved method with

approximations that are valid over larger ranges of the parameters,

Although formulated specifically for loops in air, the solutions of both Wu and Storer are readily
applied to loops in an infinite homogeneous and isotropic medium by the introduction of the constitutive
parameters of the medium at the appropriate points. [t {s the purpose of this paper to discuss the
evaluation of the admittance of a loop antenna in an arbitrary dissipative medium from Wu's formula,

A comparison with Storer's results is also provided,

Since loops up to a wave length in clrcuinference are considered, the present work is a signifi-
cant extension of the earlier studies by Kraichman® and by Chen and King.® Kraichman's analysis is
based on a postulated uniform distribution of current around the loop which is valid only for electrically
extremely small loops if these are bare or covered with a very thin layer of dielectric., The work of
Chen and King 1nakes use of Storer's analysis but retains only the firat two terrus in the Fcurier Series.
Although this {s a considerably better approximatior than that of Kraichman, it is also limited to
electrically rather ymall loops. Indeed, even for loops with circumferences as amall as 0, 1A i0 0,32,
a surprisingly large error in the normalized conductance is made when only the {ir.t two terms in the

Fourier series are retained.

Analytical Formulation

The admittance of a circular loop of radius b when made of wire of radius a has been derlved
by Storer® and, in 4 somewhat more general form, by wu’ aspecifically for antennas in air, The

gencralized formula for the norinalized admittance Y/A = G/A + jB/a of a loop in an infinite homoge-

nous and isotropic dissipative medium when driven by u delta-function generator is

- d
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where

2
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a2 (hnﬂ * Kn-l) kb hn' (2)
In this formula
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where Jo (z) and JA’O (2} are the modified Bessel functions of the .irst and second kinds and € (x) is

the Lommel-Weber function defined by : o
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Q- J' sin (x sin 6 - m@) de. (6
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n @) Lo

k= B - ja = w\Ju(c - jolw) = wyue [f(p) -8 (p)] (7) ' *

is the complex propagation constant., In (7)

P oluwe (8) A

is the loss tangent of the medium and the f(p} and g(p) functions are defined as follows:

f(p) t jglp) =\/l  jp . (9) .:

This i3 equivalent to ’l.__:\_'_,
a1 -1 b
f(p) - cosh(% sinhT'p), g(p) = sinh( —; sinh”'p). {10) o

ey et
]

‘The functions f(p) and g(p) are extensively tabulated in the literature.®’ !

In order to provide generally useful graphs and tables of the admittance of a lonp antenna when

immersed in a medium characterized by arbitrary values of ¢ and ¢, it is convenient to introduce the

-
- eI
a J:r f(p) 1)

where ¢ and p are the relative dielectric constant and permeakility.  This factor appears in (1),

normalizing factor

for antennas in eir, it is equal to unity,




As with a dipole antenna when center driven by a delta-function generator, the admittance Y
strictly does not exist, since its susceptance must become infinite owing to the knife-edge terminala
with zero separation that characterize the delta-function generator, However, as shown for the dipol(:,e
the representation of the current by continuous functiona combined with the extreme localization of
that part of the current that is associated with the knife edges of the generator, effectively omits the
latter for thin wires unless a very large number of terms in the Fourier series is taken, [ the
infinite sum ia (1) is replaced by a sum over a finite number of terms, an approximate formula is
obtained that is a good measure of the admittance of the antenna for use with a practical method of

driving when combined with a suitable terminal-zone network,
Fvaluation of the Tablcs

The formula (1) was evaluated on a high-speed computer using succesgively 8, 9, 10, 18, 19, and
20 terms in the series. The normalized conductance G/A and normalized susceptance B/A for o/ = O
are shown in Fig, 1 as a function of the number of terms in the series, Curves are shown for ib = 0.5
and 2,0 and for = 2fu (27b /a) = 8,9,10,11, and 12. It is seen that the convergence is such that
G/ A does not change noticeably for both values of fib and for all values of . On the other hand, B/ &
continues tc increase with the number of terms. The rate of this increase is great when 2 <10 and when
Bb is large; it is quite small for @ 210, egpecinlly when 8b is small, In gencral, it may be concluded
that when Q > 10, 20 terms in the Fourier series yield highly accurate values of G/4a for b £ 2,5,

quite good values of B/~ for Bb< 1, and fair values when 1 £ b < 2,5,

The values oi G/A and B/A evaluated from Storer's theoryx are indicated on the right in Fig, 1,
It is seen that they are in excellent agreement with Wu's results using 20 terms insofar as G/ A is

concerned, but that significant differences occur in B/a,

In Fig, 2 values of B/A are shown asg functions of the number of terms in the Feurier series for
pBb = 2,0 with (3 = 8,12, and 20, when a/f is increased from zero to one. It is seen that except for
a/f = 1, the curves for the relatively thick-wire loop with € = 8 or 2xb/a = 27,3 increase signifi-
cantly with the number of terma. On the other hand, the curves for the thinner loops with ¢ = 12
(27b/a = 259) and = 20 (27b/a = 11, 013) are practically independent of the number of terms for all

values of a/j,

Thege results indicate that a Fourier series solution in which 20 terms are retained is satis-
factory for determining the admittance of thin-wire loops ({2 2 10) that are not too large (8b < 2, 5)
when in air or an arbitrary dissipative medium, The approximation is excellent for the conductance,
gomewhat legs accurate for the susceptance, Numerical values of the normalized admittance Y/A =
G/a+ §B/afor loops with 2 = 10, 11, 12, 15, 17,5, and 20 are in the tables for 0 < b < 2.5 and for
0<%<.

+

»




CGraphical Representation

Graphs of the normalized conductance and susceptance of thin-wire loopa as a function of the
variable b = 23b/X are shown in Fig, 3-8, Tae parameter a/gd of the surrounding medium ranges from
zero to onc. Note how insensitive to the size of the loop the admittance becomes ax /3 approaches unity,
This is true particularly of loops near antiresonance that have a high driving poiut imnpedance. Such an
insensitivity merely means that most of the current has left the loop and has eatered the surrounding

dissipative medium,

Conclusion

The driving-point admittance of bare thin-wire loops 2 and § wavelengths in circuniference when
immnersed in an arbitrary dissipative medium hes been dete rmined from Wu's theory using 29 terms in

the Fourier series,
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